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We suggest that \free evolution" integration schemes for the Einstein equations (that do not
enforce constraints) may contain exponentially growing modes that render them useless in numerical
integrations.
I. INTRODUCTION
In a recent preprint, the NCSA group [1] has reported two previously unsuspected instabilities in their fully 3-
dimensional 3+1 code for numerical general relativity. Instabilities in a numerical code for solving hyperbolic partial
dierential equations usually spring from the discretisation of the equations, and this is the case in their second
example. The rst instability they report, however, is an instability of the eld equations themselves, exciting a gauge
mode of the Einstein equations.
Here we point out a third mechanism for instability: constraint violation in free evolution schemes. In this type of
instability, the numerical solution is a not a solution of the Einstein equations because it violates the constraints. It
is a solution of the free evolution equations, however, and therefore the problem has nothing to do with the choice of
discretisation.
The particular example we present here, of spherical symmetry in double null coordinates, may be interesting
for two reasons. It is suciently simple that we can calculate the blowup of the unstable mode analytically. The
calculation is conrmed by the results of numerical evolution. On the other hand our model algorithm has previously
been used in a published study of the interior of charged black holes [2].
II. DOUBLE NULL COORDINATES IN SPHERICAL SYMMETRY
The metric of any spherically symmetric spacetime can be written as
ds2 = −4f du dv + r2 dΩ2; (1)
where the metric coecients f and r depend on u and v only. Our matter will be a minimally coupled massless
real scalar eld , plus a spherically symmetric Maxwell eld. The Maxwell eld has no sources, and is therefore
constrained to be a pure Coulomb eld of constant charge q anchored at (the singularity) r = 0.
This model has been used in both analytic [3] and numerical [2,4] work as a toy model for studying the interior of
realistic black holes. Realistic black holes should be spinning, at least slightly, and would therefore be expected to
have a Cauchy horizon, like the Kerr solution. On the other hand they would be inevitably perturbed by gravitational
wave tails, and these perturbations would blow up on the Cauchy horizon. What really happens has therefore been
the subject of prolonged investigation. Replacing the rotation by an electric charge and gravitational waves by the
scalar eld allows the simplication of spherical symmetry. Although we have chosen a particular matter model here,
we shall see that the instability arises in the gravitational part of the equations and is therefore independent of the
matter model.










2  E2 = 0: (3)
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 H1 = 0; (4)
and the uv component is






+ 2;u;v  H2 = 0: (5)








;v  H3 = 0: (6)
We then have three hyperbolic equations H1, H2 and H3 and two elliptic equations E1 and E2. (The elliptic equations
are really ordinary dierential equations because of the spherical symmetry.) The elliptic equations are propagated
by the hyperbolic equations in the sense of
E1;v = H1;u + 2r;uH3 −
r;v
r








H1 = 0; (7)
while a similar equation holds for E2;u.
III. THE FREE EVOLUTION SCHEME
A possible evolution scheme, perhaps the most natural one, and certainly one easy to implement numerically, is to
consider the three hyperbolic equations as evolution equations for f , r and , and the elliptic equations as constraints
which are imposed only on the boundary. The natural initial value problem for these equations, is a double null initial
value problem. r, f and  are given as functions of u on the null cone v = v0, subject to the constraint E1 = 0, and
as functions of v on the intersecting null cone u = u0, subject to the constraint E2 = 0. At the intersection point
(u = u0; v = v0) it is sucient that the data r, f and  be continuous. In the free evolution scheme, the constraints
are imposed only on the null boundary data, but are not used for the numerical solution inside the numerical domain.
We now examine the stability of this free evolution scheme in the context of black hole physics. As a testbed case
we use the Reissner-Nordstro¨m solution. It is the unique solution for  = 0, and it is known in double null coordinates
in (essentially) closed form. In one particular gauge choice (Eddington-Finkelstein coordinates) this solution is












where r(u; v) is given implicitly by







The implicit equation dr=dr = f(r) can be solved numerically to arbitrary precision so that the solution exists in
closed form for all numerical purposes.
In our test case we have set  = 0 because we expect a nonvanishing  to give rise to a physical instability, namely
mass inflation, inside the black hole, while we want to check if such instabilities are already contained in the free
evolution scheme in a situation when we know that no physical instabilities can be present.
In order to look for instabilities in analytic approximation, it is useful to make a change of variables in order to
eliminate rst derivatives in the hyperbolic equations. With the new variables
y  lnf + ln r; x  r2 (10)
the evolution equations H1 = 0 and H2 = 0, now restricted to  = 0, become
x;uv +A(x; y) = 0; y;uv +B(x; y) = 0: (11)
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(The evolution equation H3 = 0 for  is dropped.) The constraints E1 = 0 and E2 = 0 become
x;uu − y;u x;u = 0; x;vv − y;v x;v = 0: (12)
Now we linearize the evolution equations, denoting the perturbations of x and y by  and :
;uv + A;x +A;y = 0; ;uv + B;x + B;y = 0: (13)
The coecients of these equations on the Reissner-Nordstro¨m background are

























To obtain an analytic approximation to the perturbations we now consider r and f of the background as slowly
varying functions of u and v. We make a mode ansatz
(u; v) = ke
i!(v+u)+ik(v−u); (u; v) = ke
i!(v+u)+ik(v−u): (15)
The ansatz turns the derivative ;uv into the algebraic expression (k
2 − !2)k, and the equations (13) into the local
dispersion relation !2(k) = k2 + . The  are the eigenvalues of the two-by-two matrix [(A;x; A;y); (B;x; B;y)].
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; where   q2=r2; (16)









With u and v both increasing to the future. u + v labels time, and u − v labels space. u + v increases away
from the null boundary data. (Inside the black hole, evolution towards increasing u+ v is also evolution towards the
singularity.) Therefore we have an instability if !2(k) is negative for any k, that is, for  < 0. We see that for q = 0,
 = (1
p
3)r−2f . Although f changes sign at the horizons, one of the  is always negative for all r. For q 6= 0 the
situation is not changed drastically. There is now a region where both  are positive, namely 0:74 jqj < r < jqj. But
this is only a narrow band inside the black hole, and globally the free evolution scheme is still unstable.
The transformations that leave the form (1) of the metric invariant are u! U(u) and v ! V (v), where U and V
are arbitrary functions. The speed of the exponential blowup itself is gauge-invariant, in the sense that  transforms
correctly under the coordinate transformations u ! U(u) and v ! V (v). We can see this noting, from (1), that f
transforms in the same way as g;uv for any scalar g, and that  is the product of f times a scalar (r is a scalar), and
hence also transforms like f . Our results would therefore also hold in Kruskal coordinates, or any other double null
coordinates.
We should stress again that the unstable perturbations we have constructed are not tied to a particular numerical
scheme. They are solutions to the hyperbolic part of the Einstein equations. They must arise in any numerical algo-
rithm implementing a free evolution scheme in null coordinates, simply because they are excited by the discretisation
error of any numerical scheme.
Of course these unstable modes are not solutions of the constraints, or elliptic part of the Einstein equations. We
can explicitly verify this by constructing the perturbations that do obey the constraints. The linearized constraints
are
;uu − y;u ;u − x;u ;u = 0; ;vv − y;v ;v − x;v ;v = 0: (18)
Because the Reissner-Nordstro¨m solution is unique, any perturbations of (8,9) obeying all the Einstein equations
must be innitesimal coordinate transformations. Perturbatively we write u ! u + (u) and v ! v + (v). The
corresponding perturbative changes in the metric variables are
 = −x;u − x;v ;  = −y;u − y;v  − d=du− d=dv; (19)
Clearly these obey the linear constraints and are bounded. The unstable modes we have given do not obey the linear
constraints and blow up.
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We rst encountered this instability in a code modeled on that of reference [2], when we found we were unable to
recover the Reissner-Nordstro¨m solution in a testbed. Having constructed the unstable modes analytically, we could
quantitatively verify their presence in the code. (Once more it should be said that the instability is connected to the
free evolution scheme, not to any particular numerical implementation.) As an example we numerically construct a
null diamond (that is, a square in u and v) of the Schwarzschild solution centered on r = 3M . (We have chosen r  3M
because there the instability is greatest outside the horizon.) At r = 3M in the coordinates (8,9), + ’ −0:025M−2.
This corresponds to a blowup of the unstable modes as exp(0:32M−1t), where t = (u+v)=2 is the usual Schwarzschild
time coordinate. Numerically we nd that the error grows as exp(0:24M−1t) at r = 3M . The discrepancy of the
exponent may be due to the approximation of constant r and f we have made in the analytic calculation.
There is a second prediction of the analytic model which can be veried at least qualitatively. From the form of the
eigenvectors (17), together with the denitions (10) it follows that the relative error in f is generically of the same
order as the relative error in r, except for r ’ jqj, where it will much greater (because 1 −   1). This feature is
conrmed by numerical evolutions inside and outside the horizon, for various values of q.
IV. CONCLUSIONS
The equations and free evolution scheme we have described were used for the numerical study of perturbed Reissner-
Nordstro¨m black holes in reference [2]. As our investigation shows, this scheme is unable even to evolve the exact
Reissner-Nordstro¨m solution (setting the scalar eld to zero) because of an exponential instability eventually crashing
the code. It can therefore not be used for the study of the physical instability in the presence of an initially small
scalar eld. (This is the physical instability expected to lead to mass inflation and perhaps the destruction of the
Cauchy horizon.) This casts a shadow on the physical results obtained using this scheme.
All other published codes [4{9] using a double null numerical grid use fully constrained evolution. The interior of a
charged black hole has been treated with a fully constrained evolution scheme based on coordinates u (retarded time)
and r (curvature radius), but evolving them on a double null grid [4]. This kind of algorithm has been pioneered in
[5], and has been used extensively since [6{8]. A code actually based on double null coordinates, as well as a null
grid, was used in [9]. The authors state that they have been \unable to nd a stable explicit scheme for [our equation
H2 = 0]". As we have seen the problem is not one of discretisation scheme at all. The authors then decide in favor of
a fully constrained rst-order scheme. Here fully constrained means that one uses the maximum number of equations
containing only v-derivatives.
Generally our results suggest, as do the results of reference [1], that free evolution schemes are generally harder (or
impossible, as in this case) to make stable than fully constrained schemes. This is not in conflict with the statement
[10] that if one if one evolves in free evolution to a certain order in the grid spacing, the constraints are automatically
obeyed to that order. The numerical, constraint-violating, error may go down as some power of decreasing step-size,
but it can also be growing exponentially with time. If this exponential growth is fast enough, one will, in typical
situations, be unable in practice to compensate for the error at late times by using a ner numerical grid.
One would expect that enforcing all the constraints at each time step will make a code stable when the solution
to be evolved is itself known to be insensitive to small perturbations in the initial data, because then all rapidly
growing perturbations must be constraint violations. If the solution itself is highly sensitive to perturbations in the
initial data, one must enforce or at least check the constraints with great care to distinguish physical from unphysical
(constraint-violating) perturbations. Examples of physical instability are mass inflation in the perturbed black holes
we discussed here, or chaos in the Mixmaster universe. It seems that one can get away with a free evolution scheme
for the Mixmaster equations without enforcing the Hamiltonian constraint, if one chooses the discretisation with care
such that it provides only very small initial values for the unstable perturbations [11].
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